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^v^j 1 Abstract. We discuss various notions generalizing the concept of a homogeneous space to the 

setting of locally compact quantum groups. On the von Neumann algebra level we find an 

■ interesting duality for such objects. A definition of a quantum homogeneous space is proposed 

■ along the lines of the pioneering work of Vaes on induction and imprimitivity for locally compact 
quantum groups. The concept of an embeddable quantum homogeneous space is selected and 

_ discussed in detail as it seems to be the natural candidate for the quantum analog of classical 

O homogeneous spaces. Among various examples we single out the quantum analog of the quotient 
of the Cartesian product of a quantum group with itself by the diagonal subgroup, analogs of 
1 quotients by compact subgroups as well as quantum analogs of trivial principal bundles. 
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1. Introduction 



The notion of a homogeneous space of a locally compact group is of fundamental importance in 
many branches of mathematics. The non-commutative geometric generalization of the theory of 
locally compact groups was enriched greatly by the paper of S. Vaes |29j . in which the notion of a 
closed subgroup and, more importantly a quantum homogeneous space was thoroughly discussed 
(alongside many other developments). For compact quantum groups these notions were already 
developed in the PhD thesis of P. Podles ([H]) and later published in [T7]. It was shown in that 
paper that quantum groups often have fewer subgroups than one would expect. This was, in 
particular, proved for the quantum SU(2) group which is a deformation of the classical SU(2), 
yet whose list of subgroups is dramatically shorter than that of the classical SU(2). Thus Podles 
realized that some quantum homogeneous spaces did not come from quantum subgroups. It led 
him to introduce the notions of 



£NJ . ► homogeneous space, 

► embeddable homogeneous space, 

► quotient homogeneous space 

in the compact quantum group context and he proved that these three classes are consecutively 
strictly smaller. Moreover in his work on quantum spheres (|15j) he showed that by allowing 
(quantum) homogeneous spaces which are not of the quotient type we reveal a wealth of new 
examples of interesting quantum spaces. The three different classes of (quantum) homogeneous 
spaces mentioned above are reduced to usual homogeneous spaces provided the quantum group and 
the homogeneous space are classical. It is important to note that the first (broadest) class allows 
non-commutative homogeneous spaces for classical groups. However (quantum) homogeneous 
spaces of the second and third class for a classical group are necessarily classical. 

The class of embeddable homogeneous spaces was defined by Podles as containing quantum 
spaces X with an action of a compact quantum group G which can be realized inside C(G) by 
the comultiplication. In other words he considered coideals in C(G) (cf. Theorem 14.51 (2")) and 
Proposition [O}. The classical correspondence between closed subgroups and coideals has by now 
received more attention from researchers in the theory of quantum groups. We would like to point 
out an interesting approach, due to several authors, using idem/potent sates (see e.g. [5j[6l[2T]). The 
case of co-amenable compact quantum groups was treated from this point of view in [5J Theorem 
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4.1]. A similar result for unimodular co-amenable locally compact quantum groups can be found 
in jUJ Theorem 3.5]. 

This paper is devoted to generalization of the notion of embeddable homogeneous spaces for 
compact quantum groups to the context of locally compact quantum groups of Kustermans and 
Vaes [7] El [13]. We will be following the path begun by Vaes in [29], where he dealt with the 
generalization to the non-compact case of the quotient construction considered by Podles. 

The task seems quite a lot more complicated than for compact quantum groups. We encounter 
many different classes of objects related to a given locally compact quantum group. We will 
introduce all these notions in Sections [2] [3] and [4] Nevertheless, before giving precise definitions, 
we wish to present a diagram describing (informally) relations between the various concepts which 
will be dealt with in the paper. This is done in Figure [T] 



Ergodic 
W*-Quantum 
G-Spaces 



Embeddable 
W*-Quantum 
G-Spaces 



Quantum Homogeneous 
Spaces 



Embeddable Quantum 
Homogeneous Spaces 



Quotient Type 



C*-Quantum 
G-Spaces 



Figure 1. Schematic presentation of relations between types of quantum group actions. 

The intersection between (ergodic) W*-quantum G-spaces and C*-quantum G-spaces in Figure 
[1] should not be understood literally. It represents the class of W* -quantum G-spaces for which 
there exists a suitably compatible "C*- version" (see Definition 14. 1|) . 

One of the reasons for considering so many different objects is that some new constructions are 
natural and relatively easy to perform on one level (e.g. the W*-level) and seem quite complicated 
if not impossible on other levels (e.g. the C*-level). This is exemplified in particular in Section [3] 
where we find a very satisfying duality (in the spirit of [25]) between embeddable W*-quantum 
G-spaces. This duality produces for each embeddable W*-quantum G-space X an embeddable W*- 
quantum G-space which we denote by X and call the co-dual of X. We also show that the second 

co-dual X is equal to X (this is a true equality, not isomorphism — the price we pay for this is that 
our objects come with a particular embedding into operators on appropriate Hilbert spaces). This 
duality, when restricted to a classical group G, coincides with the well-known Takesaki-Tatsuuma 
duality between invariant subalgebras of L°°(G) and closed subgroups of G (see [21]). Since our 
duality gives rise to the duality between invariant subalgebras of L°°(G) and L°°(G) it should be 
stressed that it is the co-commutativity of G that forces all invariant subalgebras of L°°(G) to be 
of the form L°°(H) for certain closed quantum subgroup H C G. In the case of non-classical group 
G we get a fully symmetric picture of the duality that links embeddable W*-quantum G-spaces 
and embeddable W*-quantum G-spaces. 

The necessary material on quantum groups and the operator algebra techniques we use can be 
found in [7] [21] ■ The research presented in this paper is based strongly on the paper of Vaes [35] , 
the work on quantum subgroups [4 (which, in turn, follows |14] closely) and |10] . Some important 
definitions and concepts will be touched upon in Section [2] 

Section [3] introduces the notion of an embeddable W*-quantum G-space and deals with co- 
duality for such objects. Several examples including classical ones are discussed. Then, in Section 
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21 we introduce quantum homogeneous spaces and embeddable quantum homogeneous spaces 
which are the main focus of this paper. Section [5] deals with what we call the "co-compact" 
cases which are quantum analogues of quotients by compact subgroups. In Section[6]the quantum 
analog of the quotient of the Cartesian product of a group with itself by the diagonal subgroup 
is discussed. We construct this object and show that it is an embeddable quantum homogeneous 
space, as defined in Section 21 We also prove that it is not of quotient type unless the considered 
quantum group is, in fact, classical. In other words, the diagonal subgroup does not exist for 
quantum groups. Section [7] discusses a strengthening of the definition of an embeddable quantum 
homogeneous space which corresponds to the classical notion of a trivial principal bundle. 

2. Preliminaries 

Throughout the paper we will be using the standard tools of the theory of operator algebras 
employed in the study of quantum groups. Introductory material on these topics may be found 
e.g. in [8]. For more advanced topics on multipliers we refer to [3TJQJ]. A crucial notion of a strict 
mapping introduced in |29[ Definition 3.1] will be used extensively. Let N be a von Neumann 
algebra and let A be a C*-algebra. A mapping : N — » M(A) is strict if for any norm-bounded net 
(xj)igx of elements of N converging in the strong* topology to y G N the net {@( x i)) iGX is strictly 
convergent to 9{y). This means that for any a G A the nets 

(°(xi)a) iex and (8{x{)* a) 

converge in norm to 9{y)a and 9(y)*a respectively. 

We will use the very convenient notation which can be found e.g. in [2J Section 2]: for a subset 
X of a Banach space the symbol [X] denotes the norm-closed linear span of X. To keep the 
notation light we also write [ • ■ • ] instead of [{ • • • }] whenever necessary. 

Let us recall the definition of a locally compact quantum group on von Neumann algebra level: 

Definition 2.1 ([9j Definition 1.1]). A pair G = (M, A) consisting of a von Neumann algebra M 
and a normal unital *-homomorphism A : M — > M ® M is called a locally compact quantum group 
if 

► A is coassociative, i.e. (A <g> id) o A = (id Cg> A) o A; 

► there exist n.s.f. weights ip and ip on M such that 

- (p is left invariant: €3 id)A(x)) = (p(x)uj(t) for all x G 971+ and u G M + , 

- if) is right invariant: ^((id ® w)A(x)) = tp(x)uj(t) for all x G SJtl and u> G M + . 

In what follows we shall write L°°(G) for the von Neumann algebra M from Definition I2. II and 
Ag for A. There are a few possible conventions available while developing general theory. The 
choices correspond to the left and right Haar weight option. Anticipating the needs of this paper 
we adopt the following choices and notation (found also in [Tl H3]): 

► L 2 (G) denotes the GNS-Hilbert space for the right Haar weight ip; in what follows rj will 
denote the corresponding GNS-map. 

► W G B(L 2 (G) <g> L 2 (G)) is the Kac-Takesaki operator of G. It is a uniquely defined by its 
values on the simple tensors T](x) ® T)(y): 

W(r)(x) ® r](y)) =(7]® r])(A G (x)(t ® y)). 

► The Tomita-Takesaki antiunitary conjugation related to ip is denoted by J. 
Starting with G one constructs the dual quantum group G. By definition 

L°°(G) = {(id® u)(W)\ lu G B(L 2 (G))*}" 

and L 2 (G) = L 2 (G). The last equality means that the range of the GNS-map rj of the right Haar 
weight ip of G is L 2 (G) and we have ip(x*x) = (fj(x) \rj(x)) for any x in the domain of rj. The related 
modular conjugation J is an antiunitary operator acting on L 2 (G). Remarkably, J implements 
the unitary antipode R of G: 

R(x) = Jx*Jiov any x G L°°(G) 
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([7J section 5]). The Kac-Takesaki operator W G B(L 2 (G) ® L 2 (G)) of G is, in turn, given by 

W = EW*E, where E G B(L 2 (G) ® L 2 (G)) denotes the flip operator. 

The quantum group G can be equivalently described using the language of C*-algebras. In 
particular, given a locally compact quantum group G there is a C*-algebra, which we will denote 
by Co(G), strongly dense in L°°(G) such that A G restricted to Co(G) is a morphism from Cq(G) 
to Co(G) <g) Co(G) in the sense of [3T] (see also [H]). We will use the same symbol (namely 
Aq) for comultiplications on L°°(G) and Co(G) as well as its extension to a map M(Co(G)) — > 
M(C (G)(g)Co(G)). 

Definition 2.2. Let G be a locally compact quantum group. A W* -quantum G-space X consists 
of a von Neumann algebra L°°(X) and an injective normal unital *-homomorphism 5% : L°°(X) — > 
L°°(G) <§> L°°(X) such that 

(id ® Sx)o6x = (A G <8> id)o<5 x . 
A W*-quantum G-space X is ergodic if Sx(x) = 1 (g> x implies x G CI. 

Definition 2.3. Let G be a locally compact quantum group. A C* -quantum G-space Y consists of 
a C*-algebra Co(Y) and an injective 

5 Y G Mor(C (Y), C (G) ® C (Y)) 

such that 

(id 5y)oSy = (A G ® id)o<5 ¥ - 

and the Podles condition holds: 

[fr (Co(Y)) (C (G) ® 1)] = C (G) ® C (Y). 

3. Embeddable W*-quantum G-spaces 

Proposition 3.1. Let & be a locally compact quantum group and let X be an ergodic W* -quantum 
G-space. Assume that there exists a normal unital *-homomorphism 7: L°°(X) — > L°°(G) such 
that 

(id®7)o(5 x = A G o7. (3.1) 

Then 7 is injective. 

Proof. Let J C N be the kernel of 7 and p G Z(N) be the central projection corresponding to the 
two-sided ideal J: J = pN. Equation (|3.1|) implies that <5x(J) C L°°(G) ® J which, in turn, leads to 
the inequality Sx{p) < 1 ®P- It has been shown in the proof of [TUl Theorem 4.2] that in fact we 
have 5x(p) — t<S>p. Using the ergodicity of X we conclude that either p = or p = 1. The second 
case is ruled out, since 7 is a unital map. Hence p — and ker7 = J = {0}. □ 

Proposition 13.11 says that if we are given a W*-quantum G-space X with an equivariant map 
7: L°°(X) — > L°°(G) then we may regard L°°(X) as a right coideal in L°°(G). Therefore, in such 
a situation, we will from now on assume that the embedding is part of the data. 

Definition 3.2. Let G be a locally compact quantum group and X an ergodic W*-quantum G- 
space. We say that X is an embeddable W* -quantum G-space if L°°(X) C L°°(G) and 5% is given 
by restriction of A G to L°°(X). In particular we have A G (L°°(X)) C L°°(G) ® L°°(X). 

Example 3.3. One obvious example of an embeddable W*-quantum G-space is X = G. More 
generally, let H be a closed quantum subgroup of G in the sense Vaes ([29l |4], cf. also [30]). 
Performing the quotient construction one gets an embeddable W*-quantum G-space G/H, see [29l 
Definition 4.1]. Examples related to classical groups will be discussed in more detail in Theorem 

EDI 

Definition 3.4. Let X be an embeddable W*-quantum G-space. We say that X is of quotient type if 
there exists a closed quantum subgroup in the sense of Vaes H of G such that L°°(X) = L 00 (G/H). 
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Proposition 3.5. Let X be an embeddable W* -quantum G-space and let N be the relative corn- 
mutant o/L°°(X) in L°°(G): 

N = {y G L°°(G) | Vi G L°°(X) xy = yz}. 

TTien 

(1) Ag(IM) c L°°(G)®N, 

(2) the pair (N,7) with 7 = Ag| N is an embeddable W* -quantum G-space. 

Proof. Clearly © follows from (JTJ. Now take ye N and x G L°°(X). Let W £ B(L 2 (G) ® L 2 (G)) 
be the Kac-Takesaki operator. We have 

t?(y®l)V?*(ll<g>x) 
£VF*£(y ® 1)EW£(1 (8) x)£VF*PF£ 
Er(l O y)W(x <g> t)W*WE 
ZW*(I®y)A G (x)WZ 
Y,W*A G (x)(t®y)WE 
{l®x)EW*(l®y)WE 
(l®x)A g (y). 

□ 

Definition 3.6. Let X be an embeddable W*-quantum G-space. The embeddable W*-quantum 
G-space (N,7) defined in Proposition 13.51 will be called the co-dual of X. 

From now on the co-dual embeddable W*-quantum G-space of X will be denoted by X. In 
particular we have 

L°°(X) = {y G L°°(G) I Vx G L°°(X) xy = yx). (3.2) 

Let us also mention that a trace of the duality for embeddable W*-quantum G-spaces can be found 
in [51 Section 4]. 

Example 3.7. Consider a locally compact quantum group G as an embeddable W*-quantum G- 
space (cf. Example I3.3[) . Then the co-dual G is a one point set which can be naturally identified 
with the (classical) trivial subgroup of G (cf. Theorem 13. 10p . 

Remark 3.8. Let X be an embeddable W* -quantum G-space and define M to be the von Neumann 
algebra 

M = (L°°(X) U L°°(G)')" c B(L 2 (G)). (3.3) 

This is the crossed product von Neumann algebra as defined [27 , Definition 2.1]. Usually in this 
context the crossed product is defined as a subalgebra of B(L 2 (G)) (§) L°°(X) generated by the 
image of Sx and the copy L°°(G)' <S> 1 of L°°(G)', but since <5% is the restriction of Ajj we can 
use the operator W to bring this subalgebra back to B(L 2 (G)). More precisely we note that 
W*(y ® l)W = y ® 1 for any y G L°°(G)' and W*5 x {x)W = x <g> 1 for any x G L°°(X). Therefore 
we can identify M with the crossed product (cf. remarks after [27j Definition 4.1]). Note that since 
we are using the right Haar measure, L°°(G) is the quantum counterpart of the algebra generated 
by the right shifts on G. Following this analogy we see that the commutant L°°(G)' is the "algebra 
generated by the left shifts" and its appearance in the crossed product (|3.3[) is compatible with X 
being a left quantum G-space. 

Now we easily see that by definition L°°(X) = L°°(G) nL°°(X)' = M'. Moreover we clearly have 

L°°(X) = L°°(G) n L°°(X)' = L°°(G) n M. (3.4) 

Theorem 3.9. Let X be an embeddable W* -quantum G-space. Then X = X. 



A e (l/)(l®a!) = 



This shows that Ag(y) G L°°(G) €3 N. 



6 



PAWEL KASPRZAK AND PIOTR M. SOLTAN 



Proof. Let J and J be modular conjugations for the right Haar measures of G and G respectively. 
Also let M be the crossed product algebra as described in Remark 13.81 Our aim is to show that 

L°°(G) n M = L°°(X). (3.5) 

(cf. (H3D). 

Consider the unitary operator 

U = (1® JJ)W*(1® J J), 
where W £ L°°(G) ® L°°(G) is the Kac-Takesaki operator. Note that we have 

U e L°°(G) ® L°°(G)' 

and the slices of the first leg of U generate L°°(G)' (cf. Proposition 2.15]). Therefore equality 
p.4p implies that 

x£L°°(X) <^=> x G M and U(t <g> x)U* = 1 ® x. (3.6) 

Consider the mapping a: x)U* defined on M. We have a: M — > L°°(G) <g> M. Indeed, 

clearly 

a(x) = 1 <8> x G L°°(G) ® M (3.7) 
for x e L°°(X) C M, while for y 6 L°°(G) we have 

U(t <g> JyJ)J7* = (1 ® JJ)W*(1 ® JyJ)W(l ® J J) 
= (1 <g> JJ)SAg(^(y*))E(l ® J J) 
= (I® JJ)(£ <8>£)A g (j/*)(l<gi J J) 
= (J ® J)Ag(y)(J (g) J), 

so that for z G L°°(G)' we also have a(z) e L°°(G) ® L°°(G)' C L°°(G) ® M (cf. again [! Proposi- 
tion 2.15] or |13[ Section 5]). In fact a is the dual action of G on the crossed product M as defined 
in [571 Section 2] (cf. also 27, Proposition 2.2]). By [371 Theorem 2.7] the fixed point algebra 
M Q ([27, Definition 1.2]) is equal to the canonical copy of L°°(X) inside M. Since (I3.6P may be 

rephrased as x G X <^ x £ M a , we see that L°°(X) = M Q = L°°(X). □ 

Classical duality results in non-commutative harmonic analysis ([3S]) together with the bi- 
co-duality result of Theorem 13.91 give us the following description of embeddable W*-quantum 
G-spaces for a classical G. 

Theorem 3.10. Let G be a locally compact group and G the associated locally compact quantum 
group (with commutative L°°(G) = L°°(G) ). Let X be an embeddable W* -quantum G-space. Then 
there exists a closed subgroup H C G such that 

(1) L°°(X) = L°°(G/H), 

(2) L°°(X) = L°°(H) c L°°(G) ; 

where H is the locally compact quantum group associated to H and H its dual. 

Note that we identified L°°(H) with its image in L°°(G). 

Proof of theorem \3.1(A |T]) is a direct consequence of Theorem 5 and Theorem 2 of [25] adapted 
to our situation (in particular Takesaki and Tatsuuma consider what we would call right actions). 
Moreover we have 

L°°(X) = {/ G L°°(G) | / is constant on the right cosets of H} 

which is equal to the intersection of L°°(G) with the commutant of the subalgebra of B(L 2 (G)) 
generated by right shifts by elements of H . This is saying manifestly that if we define Y by 

L°°(Y) = vN(H) 

(the algebra generated by right shifts, see [H Section 4]) then X = Y. By Theorem 13.91 X = Y 
which is precisely ©• □ 
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The next lemma provides a characterization of embeddable W*-quantum G-spaces of quotient 
type in terms of their co-duals. 

Lemma 3.11. Let X be an embeddable W* -quantum G-space. Then X is of quotient type if there 
exists a closed quantum subgroup H of & in the sense of Vaes such that L°°(X) is the image of 
L°°(H) in L°°(G). 

Proof. Let HI be a closed quantum subgroup of G in the sense of Vaes with corresponding injective 
*-homomorphism 7 : L°°(H) -> L°°(G) (see (2 Theorem 3.3]). Let W w G L°°(H) ® L°°(H) be the 
Kac-Takesaki operator of H and let a: L°°(G) — > L°°(G) (§) L°°(H) be the corresponding action of 
H on G: 

a(x) = (( 7 0id)(^ H ))(^l Loo(S) )(( 7 »id)(^ H )*). 
Since x G L°°(G/H) if and only if a (a;) = x <g> 1 (i.e. (7 ® id)(W /H ) commutes with x ® l L oo(§)) 

and slices of the second leg of Ty H generate L°°(B[), we see that x G L°°(G/H) if xy = yx for any 
y G 7 (L°°(H)). By we conclude that G/H is the co-dual of X. □ 

The above lemma suggests considering embeddable W*-quantum G-spaces X such that co- 
dual X satisfies fc(L°°(X)) C L°°(X) (g) L°°(X). In particular, it is important to characterize the 
situations when X actually corresponds to a closed quantum subgroup of G. A relevant tool might 
be provided by [3l Proposition 10.5]. 

4. Quantum homogeneous spaces & embeddable quantum homogeneous spaces 

In this section we introduce the definitions of a quantum homogeneous space and an embeddable 
quantum homogeneous space. As mentioned in Section[T]they are objects with two complementary 
descriptions: a von Neumann algebraic one and a C*-algebraic one. This idea is taken directly from 
the pioneering work of Vaes in [29 , Section 6] , where the author considers quantum homogeneous 
spaces of quotient type (for regular locally compact quantum groups). His results motivated a 
general definition given in |10i Definition 3.1] which we recall below and then specialize to the 
embeddable case in the further part of this section. 

Definition 4.1. Let G be a locally compact quantum group. A quantum homogeneous space for G 
is an ergodic W*-quantum G-space X such that there exists a C*-quantum G-space Y with 

(1) C (Y) is a strongly dense C*-subalgebra of L°°(X), 

(2) Sy is given by the restriction of Sx to Co(Y), 

(3) <5 X (L°°(X)) c M(/C(L 2 (G)) ® C (Y)) and the map 

§%: L°°(X) — ■» M(/C(L 2 (G)) ® C (Y)) 

is strict. 

In the situation described in Definition 14.11 we will identify the "quantum spaces" X and Y 
and simply write L°°(X) and Co(X) for the corresponding von Neumann algebra and C*-algebra 
respectively. We will also say that Co(X) together with 5x G Mor(Co(X), Co(G)®Co(X)) describes 
the C*-version of X. This is justified by the fact that the C*-algebra Co(X) is unique (see Theorem 
14.51 below - ) . Another point of view on the concept of quantum homogeneous space is that we have 
one "quantum space" X with two structures: topological described by Co(X) and measurable 
described by L°°(X). 

Definition 4.2. Let G be a locally compact quantum group and let X be a quantum homogeneous 
space of G. We say that X is embeddable if the W*-version of X is an embeddable W*-quantum 
G-space. 

Example 4.3. 

(1) Let G be a locally compact quantum group. The quantum group itself is a W*-quantum 
G-space. The fact that G has its C*-algebraic version ([5J Proposition 1.7]) means that G 
is a quantum homogeneous space as defined in Definition 14.11 
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(2) Let G be a locally compact quantum group ([TJ [5]) and let H be closed subgroup of G 
in the sense of Vaes ([Mill])- The construction of L°°(G/H) may be easily performed by 
taking the fixed point algebra for an action of H on L°°(G). However the existence of 
Co(G/H) is a non-trivial matter. It was proved in [29l Theorem 6.1] under the regularity 
assumption on G. Actually Vaes notes that the regularity might not be necessary for the 
existence of the quantum homogeneous space G/H as was for example shown for the case 
of H compact in [23] (cf. Example [OP ) • 

Definition 4.4. Let G be a locally compact quantum group and let X be a quantum homogeneous 
space of G. We say that X is of quotient type if the W*-version of X is of quotient type in the 
sense of Definition 13.41 

This terminology agrees with the original one introduced by Podles [17j [16] although he used a 
slightly more restrictive notion of a quantum subgroup. 

Theorem 4.5 ( |1Q[ Propositions 3.4 & 3.5]). Let & be a locally compact quantum group and let 
X be a quantum homogeneous space for G. Then 

(1) the C* -algebra Co(X) is uniquely determined by the conditions of Definition ^. I\ 

(2) if Y is another quantum homogeneous space for G and ir £ Mor(Co(X), Co(Y)) is an 
equivariant isomorphism then ir extends to an equivariant isomorphism L°°(X) — > L°°(Y). 

The term "embeddable quantum homogeneous space" is perhaps not the best since it is not the 
quantum space that embeds, but the corresponding von Neumann algebra of functions. Never- 
theless such terminology has been functioning for many years in the context of compact quantum 
groups ([171 Definition 1.8]). Note also that quantum homogeneous spaces of quotient type (Defi- 
nition [4T4J) are prototypical examples of embeddable quantum homogeneous spaces. 

Let X be an embeddable quantum homogeneous space for a locally compact quantum group G. 
As with embeddable W*-quantum G-spaces we will from now on regard the embedding L°°(X) 
L°°(G) as part of the data. In particular we will simply view L°°(X) as a right coideal in L°°(G) 
and Sx will be identified with Ag| loo , x .. Nevertheless the symbol <5x will be used (see e.g. proof 
of Proposition ^. 7[) . 

Before we continue let us note the following: 

Proposition 4.6. Let G be a locally compact group. The class of embeddable quantum homo- 
geneous spaces for G considered as a locally compact quantum group coincides with the class of 
classical homogeneous spaces for G. 

The proof of Proposition 14.61 is immediate e.g. from Theorem 13. 101 

Let us now turn attention to the C*-algebra C (X). We have C (X) C L°°(X) C L°°(G). The 
situation is clarified further by the next proposition. 

Proposition 4.7. Let G be a locally compact quantum group and let X be an embeddable quantum 
homogeneous space for G. Then 

(1) C (X) cM(C (G)), 

(2) the embedding C (X) ^ M(C (G)) is an element of Mor(C (X), C (G)) . 

Proof. Let W £ M(/C(L 2 (G)) ® C (G)) be the Kac-Takesaki operator for G. Since for any x £ 
C (X) we have S x (x) = A G (x) = W(x ® t)W*, clearly 

<5x(C (X)) c M(/C(L 2 (G)) ® C (G)). (4.1) 

Now the Podles condition for <5x implies that 

C (X) = [(w <g> id)5 x (C (X)) | u £ B(L 2 (G))*] 

which together with P~T1) shows that C (X) C M(C (G)) and proves ([T]). 

In order to see that the inclusion Co(X) '—t M(Co(G)) is a morphism from Co(X) to Co(G) we 
first note that the Podles condition for Sx implies the following equality: 

[C (X) Co(G)] = [(w ® id)(£ x (C (X))(/C(L 2 (G)) ® C (G))) | u £ B(L 2 (G)),] . (4.2) 
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Let (ej)igx be an approximate unit ofCo(X) and let us fix a simple tensor k®a G /C(L 2 (G))®Co(G). 
Since for each i 

5x{e t )(k <g> a) = W{e l ® l)W*(fc a), 

we find that lim<5x(ej)(fc ® a) = k ® a in norm. In particular for any a G Cq(G) we have 
iei 

a 6 [(w ® id)(<5 x (C (X))(/C(L 2 (G)) ® C (G))) | w G B(L 2 (G))„] . 
This, together with proves that C (G) = [C (X) C (G)] which is precisely ©. □ 

At the end of this section let us show that whenever H is a closed quantum subgroup of a 
locally compact quantum group G then L°°(H) may be interpreted as an embeddable quantum 
homogeneous G-space with a C*-version Co(H). This result will be used in Section T7.ll in the 
analysis of a quotient quantum homogeneous spaces arising in the bicrossed product construction. 

Proposition 4.8. Let H be a closed quantum subgroup o/G with the corresponding normal inclu- 
sion 7: L°°(H) ->■ L°°(G). Define X by putting L°°(X) = 7 (L°°(H)) ,anrf let 8s = Ag| LDO(x) . Then 

X is an embeddable W* -quantum G-space. Moreover X is an embeddable quantum homogeneous 
space and Co(X) = 7(Cq(H)J. 

Proof. The fact that X is an embeddable W*-quantum G-space is clear from the property of 7: 

A g°7 = (7®7)°A g . 

We will now show that X is in fact an embeddable quantum homogeneous space for G. 

Note that since 7 is normal and injective, there exists a Hilbert space H and a unitary operator 
T: H <g> L 2 (H) ->• H (g> L 2 (G) such that 

l H ®7(a?) = T(l H ®x)T*. (4.3) 

Let W € M(Co(H) ® C (H)) be the Kac-Takesaki operator of H. Let (y l ) ie i be a bounded net of 
elements of L°°(H) convergent in the strong* topology and take x G /C(L 2 (G)) and d G 7(Co(H)). 
Define Y = (id ® 7)W. In order to check the strictness condition of Definition 14 . 1 1 we compute 

Ag(7(Vi))(a:®d) = (7 ® 7)(Ag (yO)(a; ® d) 

= ( 7 (g> id) ® i)y*) (x ® d). 

Using (|4.3p we see that 

1 H ® (Ag(7(yi))(x ® d)) = 1 H ® ((7 ® id)(y(w 8) l)Y~*)(x ® d)) 

= T 12 Y 23 (1 H 1)^2*37i* 2 (1h 

Let us fix a 1-dimensional projection P G /C(H). Note that since the first leg of all elements of the 
net 

(T 12 y 23 (l ® ® 1)^*3^(1 (8> x ® d)) i€l 
is in CI Hi its norm-convergence is equivalent to norm-convergence of the net 

(712*23(1 ® W ® l)V 2 *3^ia(^ ® a: ® d)) ier (4.4) 

Furthermore, since 

Y^T* 2 {P ® x ® d) G /C(H) ®/C(L 2 (G)) ® 7 (C (H)), 

we see that strong*-convergence of (j/i)igz implies norm-convergence of the net (14.41) . This is in 
turn equivalent to the norm-convergence of the net (Ag (7(3/1)) (2; ® Norm-convergence of 

(Ag (7(2/4))* (x ® d)) igI is proved similarly and it follows that we get that 

Ag(L°°(H)) c M(/C(L 2 (G))® 7 (Co(H))) 

and the map Ag : 7(L 00 (H)) -> M(/C(L 2 (G)) ® 7(C (H))) is strict. All other conditions of Defi- 
nition 14.21 may be checked directly and we find that X is an embeddable quantum homogeneous 
space with C*-version C (X) = 7 (C (H)) . □ 
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5. Co-compact case 

Proposition 5.1. Let G be a locally compact quantum group and let A C Co(G) be a non- 
degenerate C* -subalgebra such that 

► A G (A)cM(C (G)®A), 

► [(C (G)®1)Ag(A)] =C (G)®A. 
Let N be the strong closure of A. Then 

(1) Ag(N) c L°°(G)®N, 

(2) the pair (N,7) with 7 = Ag| n is an embeddable quantum homogeneous whose C* -version 
coincides with (A, AgL). 

Proof. Statement ([I]) follows immediately from the assumptions. It remains to show that 

Ag(N) c M(/C(L 2 (G)) ® A) (5.1) 

and the map 

N 9 1 1 — > A G {x) e M(/C(L 2 (G)) ® A) (5.2) 

is strict (cf. Definition 14. ip . For this consider a bounded net (<2j)j e x of elements of A convergent 
to x G N in the strong* topology. For any y G /C(L 2 (G)) <8> A we have 

A G K)2/ = W{ ai ®t)W*y. 

Since W G M(/C(L 2 (G))®C (G)) we see that A G (a. i )d = W(ai®t)z, where z G /C(L 2 (G)) ®C (G). 
In particular 

A G (ai)y ► A G (x)y 

in norm. Similarly Ac,{ai)*y > Ag(x)*2/ (remember Oi — > x in the strong* topology). It follows 

i£T i 

that Ag(x) is a strict limit of elements of M(Co(G) ® A) and, in particular, we get (|5.1I) . 

Strictness of (|5.2I) is established in exactly the same way: for a bounded and strong*-convergent 
net (xj)iei of elements of N and y G /C(L 2 (G)) <g> A the nets (Ac^j)^ ^ and [AG(xi)*y) i x are 

norm-convcrgent to Agouti Xijy and Ac(lima;i)*j/ respectively. □ 

In the proof of Proposition 15 . 1 1 we used the well-known fact that a bounded strongly convergent 
net of operators multiplied by a compact operator is norm-convergent. 

Definition 5.2. Let G be a locally compact quantum group. A quantum homogeneous space X for 
G such that Co(X) C Co(G) is called co- compact. 

Example 5.3. 

(1) Let G be a compact quantum group with faithful Haar measure. In [171 Definition 1.8] 
Podlcs defined an embeddable action of G to be a "compact" C*-quantum G-space X 
(i.e. the corresponding C*-algebra Co(X) is unital and hence written C(X)) for which 
there exists * G Mor(C(X), C(G)) such that (id ® *)o<5 x = A G o^ (in fact this definition 
already appeared in [THl Defmicja 2.9]). Letting L°°(X) be the strong closure of ^(C(X)) 
inside B(L 2 (G)) we obtain an embeddable quantum homogeneous space in the sense of 
Definition 14.21 Moreover all such quantum homogeneous spaces are clearly co-compact. 

(2) Let G be a locally compact quantum group and let H be a compact quantum subgroup of 
G i.e. we assume that there exists a surjective morphism it: Cq(G) — > Cq(H) intertwining 
the corresponding comultiplications. Using it we define a C*-algebra of elements that are 
constant on the right H-cosets: 

qS(G/H) = {a G Cg(G) I (id ® 7r)(A G (a)) = o<8 1}. 

Using [23j Theorem 5.1] (note that this theorem applies to our situation, i.e. Cq(G) is a 
bisimplifiable Hopf C*-algebra with a continuous counit) we see that the comultiplication 
Ag restricted to Cq(G/H) gives rise to a continuous coaction of (Cq(G), Ag) on Cq(G/M). 



EMBEDDABLE QUANTUM HOMOGENEOUS SPACES 



11 



We shall denote it by 6q, w Let us define Co (G/H) as the image under the reducing 
morphism Ac: 

C (G/H) = A G (CS(G/H)). (5.3) 
(in other words (|5.3I) defines the quantum space G/H). Note that 

[A G (Co(G/H))(C (G)®l)] 

= [(Ac ® A G )(A£ /H (C3(G/H)) (C5(G) ® l))] 
= C (G)(g)Co(G/H). 

This shows that Sq „ descends (from universal to reduced level) to a continuous action #g/h 
of G on G/H. By Proposition 15.11 G/H becomes an embeddable quantum homogeneous 
space with L°°(G/H) defined as the strong closure of C (G/H) in C (G) and the C*- 
version Co (G/H). Actually, it is not difficult to see that it is of quotient type. By its very 
definition G/H is co-compact. 

The name "co-compact" used in Definition 15.21 is justified by the following theorem: 

Theorem 5.4. Let G be a locally compact quantum group and let X be an embeddable quantum 
homogeneous space of quotient type related to a closed quantum subgroup H o/G. Then 

(1) i/H is compact then X is co-compact, 

(2) if there exists a non-zero x £ Co(X) n Co(G) then H is compact. 

Proof. ([I} has been already explained in Example I5.3t l2|) (assume X is of quotient type) . 

For the proof of ((2]) recall from [29, Section 4] that the quantum homogeneous space G/H (of 
quotient type) is defined in such a way that Co (G/H) is a subalgebra of the corresponding von 
Neumann algebra which we call L°°(G/H). This last algebra is the fixed point algebra L°°(G) Q , 
where a: L°°(G) -> L°°(G) ® L°°(H) is defined by the property that 

(id ® a) (W) = W12V13, 

where V £ M(Co(G) ® Co(H)) is the bicharacter corresponding to the inclusion of H as a closed 
subgroup of G (cf. [JJ Subsection 1.3, Theorems 3.3 & 3.6]). Therefore for any x £ Co (G/H) we 
have a(x) = x (g> 1. We note that it can be shown that a restricted to Co (G/H) coincides with 
the right quantum homomorphism corresponding to V ( |14j and [H Subsection 1.3]). 

So let x be a non-zero element of Co (G/H) such that also x £ Co(G). Since (y <S> t)a(x) £ 
C (G) ® C (H) (by [2 Theorems 3.5 & 3.6(3)]), it follows that (w ® id)a(x) £ C (H) for any 
ui £ Co(G)*. In particular for uj such that u){x) — 1 we get 1 £ Co(H), i.e. H is compact. □ 

Remark 5.5. The proof of Theorem l5.4lfTj) shows that if X is an embeddable quantum homogeneous 
space of quotient type such that Co(X) n Co(G) ^ {0} then Co(X) C Co(G) and X is co-compact. 

6. The non-commutative analog of the quotient by the diagonal subgroup 

Let G be a locally compact group. In this section we will study a non-commutative analog of 
the homogeneous space obtained as a quotient of G x G by the diagonal subgroup. For technical 
reasons we will work with G x G op instead of G x G. In this case the diagonal subgroup is embedded 
via 

G3g^(g,g- 1 )£GxG°*. 
The resulting homogeneous space consist of the classes of the form 

[{91,92)] = {{gig, 9^92) \g e G}, {91,92 £ G) 

and the space X of classes is homeomorphic to 67. Indeed, the homeomorphism is provided by 
mapping a class [(51,52)] to the product 31(72 £ G. On the level of algebras of functions we get 
a natural identification of Ag(L°°(67)) C L°°(G)<8> L°°(G) with the algebra of functions on the 
homogeneous space (G x G op )/G. 
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Let now G be a locally compact quantum group. It is well known that the analog of the direct 
product G x G op of G with its opposite quantum group can be defined by putting 

C (G x G op ) = C (G) ® C (G op ) 

and 

A GxG ° P = (id ® cr ® id)o(A G <8> A G o P ), 
where a is the flip morphism C (G) <g> C (G op ) ->• C (G op ) ® C (G). 

In what follows we shall prove that setting L°°(X) = A G (L°°(G)) C L°°(G) ® L°°(G) we define 
an embeddable quantum homogeneous G x G op -space. This space is the quantum analog of the 
homogeneous space obtained (in the classical case) by taking the quotient of G x G op by the 
diagonal subgroup. We will show in Proposition 16.31 that X is of quotient type if and only if G is a 
classical group. In the course of the proof we will make extensive use of the concept of the opposite 
quantum group G op (mentioned above) and the commutant quantum group G'. For details we refer 
the reader to [9J Section 4]. In particular we will need the facts that G op = G', G' = G op and their 
extended version: G x G op = G x G' (see [5]). 

Proposition 6.1. Let & be a locally compact quantum group and let L°°(X) be the image o/L°°(G) 
under A G considered as a map from L°°(G) to L°°(G) ® L°°(G op ). Then: 

(1) A GxG o P (L°°(X)) c L°°(G x G° p ) ® L°°(X), 

(2) X is an embeddable quantum homogeneous space with C* -version Co(X) = A G (Co(G)). 
Proof. Let 

C (X) = A G (C (G)) c M(C (G x G op )) = M(C (G) g> C (G op )) (6.1) 
(it is clear that L°°(X) as defined in the statement of the theorem is the strong closure of so defined 
C (X)). We will first show that 

(C (G x G op ) ® l Co(x) ) A GxG o P (Co(X))] = C (G x G° p ) ® C (X) 

Indeed 

(C (G x G° p ) ® l Co(x) ) A GxG o P (C (X)) 

(C (G x G op ) ® l Co(G) g> l Co(G o P) ) A GxG o P (A G (C (G))) 
(C (G) ® C (G op ) <g> 1 <g> 1) ((id ® a ® id)(A G ® A G o P )A G (C (G))) 
(C (G) ® C (G op ) ® 1 ® 1) ((id ® a ® id) (id ® id <g> A G o P )(id ® A G )A G (C (G))) 
= C (G) ® [(C (G op ) ®t®t)({cj® id)(id ® A G o P )A G (C (G))) 
= C (G) ® [(C (G op ) ® 1 ® 1) ((a ® id)(id ® a)(A G ® id)A G (C (G))) 

= C (G) ® [(C (G op ) ®t®l) ((id ® A G )A G o P (C (G))) 

= C (G) ® C (G op ) ® A G (C (G)) 

= C (G x G op ) ® C (X). 

In the fourth equality above we used the fact that 

[(C (G) ® 1)A G (C (G))] - C (G) ® C (G) 

while in the seventh one we used 

[(C (G° P ) ® 1) A G o P (C (G))] = C (G° P ) ® C (G). 

Thus X defined via (|6.1[) is a C*-quantum G x G op -space. Moreover, taking strong closure we put 
on X the structure of an ergodic W*-quantum G x G op -space (which is moreover embeddable). 
We will show that this way X becomes an embeddable quantum homogeneous space. To this end 
we need to establish that 

A GxG o P (L°°(X)) c M(/C(L 2 (G x G op )) ® C (X)) 
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and the map A GxG o P | : L°°(X) M(/C(L 2 (G x G op )) ® C (X)) is strict. Let us denote this 
map by fa. 

Let us first observe that 

A GxG o P oA G = (id ® a ® id)o(id ® id ® a)o(A G <g> A G )oA G 

= (id ® cr ® id)o(id ® id ® ct)o(A g ® id® id)o(A G ® id)oA G 
= (a ® id (g) id) o (id ® A G ® id) o (id ® A G ) ocro A G 
= (cr ® id ® id) o (id ® A G ® id) o (id <g> A G ) o A G o P 

Take now ki ® k 2 ® A G (y) £ /C(L 2 (G)) ® /C(L 2 (G op )) ® C (X) and let (yj).ez = (Ac^))^ be a 
norm-bounded strongly convergent net with Xj 6 L°°(G). By (|6.2p we have 

8x(Vi) = (<x®id®id)(id®id® A G )(id® A G )A G °p(a;i) 

= SijW^W^^ialsi ® 1 ® 1 ® ^W^SiaW^H^S^. 

It follows that 

fa(&) • (*i ® *2 ® A G (t/)) = 

= EiaWMWbaEuWufo ® 1 ® 1 ® l)W 1 * 2 E 12 W 2 *3W 3 * 4 Si2 • W u (h fc 2 ® y ® 1)VK 3 * 4 
= Eia W 34 ^23^12^12 (a* (8) 1 ® 1 ® l)WJ,Ei2W^(ifca ® *i ® 2/ ® l)W 3 * 4 Ei2 
= (cr®id0id)(id«)id® A g )(t^ 23 (A g =p( 

= (cr® A G )(w 23 (A G ° P {x t ) ®t)WZ a (k 2 ® fci ®y)). 
Consider now the net 

((A G =p(a;i) ®l)lF 2 * 3 (fc 2 ®fci ^ (6.3) 

We claim that it is norm-convergent. Indeed, since W e M(/C(L 2 (G))®C (G)), we have W^fe® 
fei ® y) £ /C(L 2 (G x G op )) ® C (G), while the net 

(A G o P (x,) ® 1) jeI = ((cr ® id) fa ® 1)) . eI . 

is bounded and strongly convergent. It follows that (|6.3|) is norm-convergent and since the norm- 
convergence of the net fa(yi)* • {k\ ®k 2 ® A G (y)) is proved similarly. Thus we obtain strictness 
of fa. □ 

In order to find the co-dual of X we prove the following lemma: 

Lemma 6.2. Let G be a locally compact quantum group and W G L°°(G) ® L°°(G) its Kac- 
Takesaki operator. Let x £ L°°(G) ® L°°(G) and y G B(L 2 (G)) be such that W(y ® 1)W* = x. 
Then y £ L°°(G) and x = A G (y) 

Proof. It is enough to show that there exists z £ L°°(G) such that A G (z) = x. Indeed, our 
assumptions then imply that W{y® t)W* = x = W{z® t)W* and it follows that y = z £ L°°(G). 
In order to prove the existence of such a z it is enough to show that (A G ® id)(x) = (id ® A G )(x) 
(by [351 Theorem 2.4.7] applied to the action of G on itself). We compute 

(A G ® id) (a:) = W 12 xi 3 W* 2 

= Wi 2 Wi 3 (y ® 1 ® l)W? 3 Wia 

= W 23 W 12 W£ 3 (y ® 1 ® t)w 23 w* 2 w; 3 

= W 23 W 12 (y ® 1 ® 1)^*2^2*3- 

On the other hand 

(id ® A G )(x) = W 23 x 12 W 2 * 3 = W 23 W 12 (y ® 1 ® 1 ) 1^*2^2*3 • 
which ends the proof. □ 

Proposition 6.3. X be a embeddable W* -quantum G space space defined above. Then 
(1) we have L°°(X) = ( J ® J)A gop (L°°(G))( J ® J) C L°°(G) ® L°°(G)'. 
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(6.4) 



(2) X is of quotient type if and only if G is classical. 

Proof. Ad ©. Let us recall that x £ X if x £ L oc (G'x~G°p) = L°°(G) ® L°°(G)' and for any 
y G L°°(G) we have xAg(u) = Ag(v)x. This means that 

W*xW(y ® 1) = (y ® t)W*xW 

for all v 6 L°°(G). Since W^*xW G L°°(G) ® B(L 2 (G)) and L°°(G) n L°°(G)' = L oc (G op ) n 

L°°(G op ) = CI (see [H Page 131]) we see that that W*xW = 1 ® z for some z e B(L 2 (G)). 

Applying Lemma [631 with G' instead of G we obtain z € L°°(G') = L°°(G)'. Let z = JzJ. We 
see that 

x = W(J ® J)(l ® z)(J ® J)W* = (J ® ® 2)W(.7 ® J) = ( J ® J)Ag op (?)(J ® J), 

where we used the identity (J ® J)PF(J ® J) = PF* (13, Theorem 5.11]). 

Ad ([2|). Let us first define a normal order two automorphism a: B(L 2 (G)) — > B(L 2 (G)) putting 

a(t) = JJtJJ 

(the fact that a 2 — id follows immediately from [9J Corollary 1.12]). We have the following 
relations (cf. [HI Remarks before Proposition 4.2]): 

a(L°°(G op )) =L°°(G / ), Ag,oa= (a®a)oAg op , 

a(L°°(G op )) =L°°(G'), A G 'oa=(a®a)oA G op. 

To show the first one we compute remembering that J implements R: 

= A^(JJxJJ) 

= (J® J)A^(JxJ)(J ® J) 

= (JJ ® JJ)Ag op (x)(JJ ® J J) 

= (a® a)(Ag op (a;)), 

where in the third equality we used the fact that 

Ag^(z) = (J® J)Ag(JzJ)(J® J) 

for all z € L°°(G)'. The other relation (|6.4p can be derived from the first one using duality. 

Repeating the construction of X (Proposition 16. ip for the quantum group G we obtain an 
embeddable quantum homogeneous space Y. This means that 

L~(Y) = Ag (L°°(G)) c L°°(G x G° p ) and 5 Y = Ag x g op | Loo(Y) . 

Using a we can define new embeddable quantum homogeneous spaces: 

► X Q with L°°(X Q ) = (id ® a)(L°°(X)) C L°°(G x G'), 

► Y Q with L°°(Y Q ) = (id ® a)(L°°(Y)) C L°°(G x G'), 
We have 

Sx a o(id ® a) = ((id ® a) ® (id ® a)) oSx, 

(6.5) 

<5y q ° (id ® a) = ((id ® a) ® (id ® a)) o<$ Y . 



As before we only show the first relation of ()6.5|) : 

A exG' ( LO °W) = A gx6< (( id ® «)(Ag(L°°(G)))^ 

= ((id ® a ® id)o(Ag ® Ag,)o(id ® a)oAg) (L°°(G)) 
= ( (id ® cr ® id) o (id ® id ® a ® a) o ( Ag ® Ag op ) o Ag) (L°°(G)) 
= ((id ® a ® id ® a) o (id ® cr ® id) o (Ag ® Ag op ) o Ag) (L°°(G)) 
= ((id ® a ® id ® a)o Ag xgop o Ag) (L°°(G)) , 
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where we used the first line of (I6.4[) in the third equality. 

Now statement ((TJ of this proposition means that X = Y a . Similarly we have Y = X Q . Moreover 
X is of quotient type if and only if X Q is of quotient type. This is clear from Lemma 13.111 X is 
of quotient type if and only if X has the property that L°°(X) = 7(L°°(H)), where H is a closed 

quantum subgroup of G in the sense of Vaes and 7: L°°(H) -» L^(G~Tg°p) = L°°(G x G') is the 
corresponding normal inclusion (cf. 29 , 4 ) . Clearly (id ® 01)07 provides a normal inclusion making 
H a closed quantum subgroup of G x G'. Since the resulting embeddable quantum homogeneous 
space is Y we see that X Q is of quotient type. 

We will now assume that X a is of quotient type and show that G must then be a classical group. 
It follows easily from this assumption that <5y(L°°(Y)) C L°°(Y) ® L°°(Y). This means that for 
any x £ L°°(G) there exists y £ L°°(G) ® L°°(G) such that 

a g x g°A a g( x )) = ( A e® A e)(y)- ( 6 - 6 ) 

Using (|6.2|) applied to G we compute 

A Gxg°* oA g( x ) = (^®id®id)o(id® Ag®id)o(id® A g )oAg op 
= (cr ® id ® id) o (id ® id ® Ag) o (id ® Ag) o Ag op 
= (id ® id ® Ag) o (cr ® id ® id) o (id ® Ag) o Ag op 
= (id® id® Ag)o(id® cr)o(Ag ®id)oAg. 

Thus (|6.6|) reads as 

((id ® id ® Ag) o (id ® a) o (Ag ® id) o Ag) (1) 

= (Ag® Ag)(t/) = ((id® id® Ag)o(Ag®id))(t/) 

It follows that for any x £ L°°(G) there exists y £ L°°(G) ® L°°(G) such that 

((id® CT )o(Ag®id)oAg)(x) = (Ag®id)(y). (6.7) 

Now we note that since for any y € L°°(G) <E> L°°(G) we have 

(Ag®id®id)((Ag®id)(y)) = (id® Ag®id)((Ag(g)id)(y)), 

we can apply Ag ® id ® id and id ® Ag (g) id to the left hand side of ()6.7[) and get equal results. 
In other words, for any x £ L°°(G) we have 

((Ag <g> id (g> id) o (id ® ct) o ( Ag ® id) o Ag) (x) = ((id ® Ag ® id) o (id <g> cr) o (Ag ® id) o Ag) (x) , 

i.e. 

(Ag ® id® id) o (id® cr)o( Ag ® id)oAg = (id ® Ag ® id)o(id ® <r)o(Ag ® id)oAg (6.8) 

Let W £ L°°(G) ® L°°(G) be the Kac-Takesaki operator for G. Applying (JBTS} to the second 
leg of W and remembering that (id ® Ag)(VF) = W12W13 we obtain 

^12^13^15^14 = ^12^15^13^14. (6.9) 

Since the first leg of W generates L°°(G), slicing appropriately equation (|6.9[) we conclude that 
abdc — adbc for any a, b,c,d £ L°°(G). Putting a = c = t we get bd = db for any d, b £ L°°(G). 
Commutativity of L°°(G) is equivalent to G being a classical group. □ 

7. Strongly embeddable quantum homogeneous spaces 

Let us begin this section with an ad-hoc proposition. Its usefulness will be explained later. 

Proposition 7.1. Let G be a locally compact quantum group and let D C M(C (G)) be a C*- 
subalgebra such that [A G (D)(C (G) ® 1)] = C (G) ® D. Let U £ M(/C(L 2 (G)) ® D) be a unitary 
such that A G (d) = U(d ® 1)17* for all d £ D and let N C L°°(G) be the strong closure of D. Then 
defining X so that L°°(X) = N and 6% = Ag| loo ^ we obtain an embeddable quantum homogeneous 
space X and, moreover, Cq(X) = D. 
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Proof. Let (Xj)j £ z be a bounded strong*-convergent net of elements of N and take y G /C(L 2 (G)) ® 
D. Since J7y £ /C(L 2 (G)) ® D, we see that the net ((xj ® is norm-convergent. We 

assumed that A G (xi)y = ?7(xj (E> l)C^*y for all i, and so it follows that the net [A<a(xi)y) i(£X is 
norm-convergent. Let now y G N and (dj) be a norm-bounded net of elements of D converging in 
the strong* topology to y. The above reasoning shows that 

► A G (y) is a strict limit of A G (d l ) G M(/C(L 2 (G) ® D) and A G (y) G M(/C(L 2 (G)) ® D), 

► the map N3jh4 A G (y) G M(/C(L 2 (G)) ® D) is strict (cf. 29, Remark after Definition 
3.1]). 

Checking the remaining conditions of Definition 14.11 is easy. □ 

Definition 7.2. Let X be an embeddable quantum homogeneous space for a locally compact quan- 
tum group G. We say that X is a strongly embeddable quantum homogeneous space if there exists 
a unitary U G M(/C(L 2 (G)) ® C (X)) such that <5 x (x) = [/(x ® l)t/* for all x G L°°(X). 

Example 7.3. Let be a closed subgroup of a classical group G such that there exists a continuous 
section s: G/H — >• G of the canonical surjection G ^ G/H (in other words the principal bundle 
G G/i? is trivial). Let tt G Mor(C (G), C (£?/#)) be given by tt(/) = /os, for all / G 
Co(G). Note that identifying Cq(G/H) with a non-degenerate C*-subalgebra of M(Co(G)), we 
may interpret tt as an element of Mor(Co(G), Co(G)) . It is easy then to see that (the extension 
of tt to M(Co(G)) satisfies) tt 2 — tt and Aqott = (id ® tt)oAg- Moreover, for any / G Cq(G/H) 
we have 

A g (tt(/)) = (id®7T)A G (/) 

= (id«)7r)(W(a;igil)W*) 
= U(x®l)U*, 

where U = (id^w)(W) and W is the Kac-Takesaki operator of G. In particular G/H is a strongly 
embeddable quantum homogeneous space. More generally, let G be a locally compact quantum 
group and tt G Mor(Co(G), Cq(G)J a morphism satisfying tt 2 = tt and A G °7r = (id<g)7r)oA G . Then 
D = tt(C (G)) and U = (id®7r)VK G M(/C(L 2 (G)) ® D) satisfies the conditions of Proposition EH 
Thus defining X by setting L°°(X) = D" we obtain a strongly embeddable quantum homogeneous 
space X. 

Definition 7.4. Let G be a locally compact quantum group and X an embeddable quantum homo- 
geneous space. We say that X is projectively embeddable if there exists a tt G Mor(Co(G), Co(G)) 
such that tt 2 = tt, A G o7r = (id <g> 7r)oA G and C (X) = 7r(C (G)). 

Remark 7.5. It can be shown that, if G is a classical space, than any projectively embeddable 
(quantum) homogeneous space for G is a classical homogeneous space X such that the principal 
bundle G — > X is trivial. 

7.1. Bicrossed products of locally compact groups. In this subsection we shall study ex- 
amples of quantum homogeneous spaces of quotient type provided by the bicrossed product con- 
struction. Its interesting aspect is related to the generic non-regularity of quantum groups arising 
in this construction ([2], recall that the general result on the existence of the C*-version of a given 
quotient type W*-quantum G-space is based on the regularity of G). Our presentation of the 
bicrossed product construction closely follows [2] . For earlier approaches see also [T^l [2S] • 

Let Gi, G2 be a pair of closed subgroups of a locally compact group G such that G\ n G2 = {e} 
and the complement of G1G2 is of measure 0. Let L°°(Gi) denote the von Neumann algebra 
generated by right shifts on L 2 (Gi). Thus L°°(Gi)' is the von Neumann algebra generated by the 
left shifts. The same notation will be used with Gi replaced by G2. 

Let pi : G — > G\ be the measurable map (defined almost everywhere) given by P\{g\g2) = 9i- 
Similarly we have the map P2 : G — >• G2 such that ^2(5132) = 32- Using p\ and P2 we introduce 
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the pair of coactions 

a: L°°(Gi) -> L°°(G2) ® L°°(Gi), a(a;)( ff2 , 5l ) = z(pi(<?2<7i)), 

0: L~(G 2 )^L°°(G 2 )® L^G^, Kv)fa,gi) = vfafagij). 

We denote by G the quantum group obtained from the above data via the bicrossed product 
construction. The von Neumann algebra L°°(G) is given by the crossed product 

L°°(G) = G 2 k« L°°(Gi) = {a(L°°(Gx)) U L°°(G 2 )' <g> 1)}" (7.1) 

The coaction /3 enters in the definition of the comultiplication Ac- It turns out that the embedding 
a: L°°(Gi) — > L°°(G) is compatible with the comultiplications: 

A G o a = (a O a) o A Gl . (7.2) 

Proposition 7.6. Dearie X so i/iai L°°(X) = a(L°°(Gi)). T/ien X is a strongly embeddable 
quantum homogeneous space for G with the C* -version a(Co(Gi)). 

Proof. Using Proposition 14. 81 with 7 = a we see that X indeed is an embeddable quantum homo- 
geneous space for G. In order to prove that X is strongly embeddable let us consider the canonical 
unitary implementation of a ([27], cf. [2j Proof of Proposition 3.6]): 

U G M(C (G 2 ) ® /C(L 2 (Gi))) c B(L 2 (G 2 ) ® L 2 (Gi)) , a(a) = 17(1 (8) a?)I7*. 

More precisely, the unitary operator U is given by the restriction to G 2 of the quasi-regular 
representation of G on L 2 (G/G 2 ) i.e. t7 : G 2 3 g M> [7 g G B(L 2 (G/G 2 )). In order to interpret U as 
an element M(C (G 2 ) ® /C(L 2 (Gi))) we use the identification L 2 (G/G 2 ) = L 2 (Gi). Using further 
identifications L 2 (G) = L 2 (G) = L 2 (G 2 ) ® L 2 (Gi) we note that for any x G C (Gi) we have 

Ag(o(i)) = (a®a)(W Gl (x® t)(W Gl )*) 

= U 12 ((id®a)(W Gl )) 234 U^(a(x) ® l)[/ 12 ((id ® a)^ 1 ))^^ 

= T(a(rB)®l)T*, 

where IU Gl is the Kac-Takesaki operator of Gi and 

T = f/ 12 ((id ® a)(IU Gl )) 234 l/r 2 G M(/C(L 2 (G)) ® a(Co(Gi))). 

Summarizing we conclude that X is a strongly embeddable quantum homogeneous space with 
C*-versionC (X) =a(C (Gi)). □ 

The dual of G is obtained by exchanging the roles of Gi and G 2 so that 

L°°(G) = {/3(L°°(G 2 )) U18 L°°(Gi))}". 

In particular we see that G 2 is a closed quantum subgroup of G in the sense of Vaes via the 
morphism f3: L°°(G 2 ) — > L°°(G). In what follows we will show that X = G/G 2 where X was 
described in Proposition 17.61 

Proposition 7.7. The strongly embeddable quantum homogeneous space X defined in Proposition 
\T6\is of quotient type: L°°(X) = L°°(G/G 2 ). 

Proof. Using the reasoning of the proof of Lemma [6. Ill we see that x G L°°(G/G 2 ) if and only if 
x e L°°(G) and x commutes with /3(L°°(G 2 )) (the commutation holds in B(L 2 (G 2 ) ® L 2 (Gi))). 
Since x G G2 K a L°°(Gi) and the second leg of G 2 k q L°°(Gi) commutes with L°°(Gi) (see (|7.1I) ). 
we conclude that x also commutes with 1 eg) L°°(Gi). From the fact that L°°(G 2 )<8> L°°(Gi) 
is generated by /3(L°°(G 2 )) and l(8>L°°(Gi) it follows that x belongs to the commutant of 
L°°(G 2 ) <g> L°°(Gi). Since the von Neumann algebra L°°(G 2 )(8) L°°(Gi) is a maximal commu- 
tative subalgebra of B(L 2 (G 2 ) <g> L 2 (Gi)) w get x G L°°(G 2 ) ® L°°(Gi). Proceeding as in the 
proof of Theorem 13.91 we see that x is invariant under the dual action on G 2 k q L°°(Gi). This 
shows that L°°(G/G 2 ) C a(L°°(Gi)) and since the opposite inclusion is clear, we get the equality 
L°°(X) = a(L°°(Gi)) = L°°(G/G 2 ). □ 
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7.2. Quantum homogeneous space of the quantum "az + 6" group. In this subsection let 
G be the quantum "az + 6" group (see [351 [55] and [501 Section 1] for a general approach) for an 
admissible value of the deformation parameter (cf. (20j Section 1]). In (23j Section 3] and [18] a 
construction of a quantum space Y endowed with a continuous action of G was carried out. The 
space Y turned out to be a classical space (the C*-algebra Co(Y) is commutative) and Y was called 
a "homogeneous space" for G. We will shed more light on this example. 

Let 6 Y E Mor(C (Y), C (G) ® C (Y)) be the action of G on Y. By the results of [31 121 123] 
we have 

S Y {x) = U(x®l)U*, (7.3) 

where U € M(/C(L 2 (G)) <8> C (Y)) is defined using the quantum exponential function ( [20[ Section 
1]) and its form depends on the value of the deformation parameter (sec also 23, Proof of Theorem 
3.1]). 

As Co(Y) comes equipped with an embedding into B(L 2 (G)) we can immediately put "measur- 
able structure" on Y by setting L°°(Y) = C (Y)". It is fairly clear form [531 Section 3] (cf. also 
[TS] ) that there is a classical (in fact abelian) locally compact group T such that T is a closed 
quantum subgroup of G. Using standard facts about crossed products by abelian groups one 
easily sees that L°°(Y) is precisely the set of those x £ L°°(G) which commute with the image of 
the associated inclusion L°°(r) c -s- L°°(G). This means that Y = G/r. In particular we have: 

Proposition 7.8. Y is a strongly embeddable quantum homogeneous space for G of quotient type. 

The classical "az + o" group is a semidirect product of C by the action ofC x = C\ {0}. It 
follows that if G denotes the classical "az + b" group then the bundle G — > G/C x is trivial. In 
particular the homogeneous space G/C x = C is projectively embeddable. Interestingly this is not 
the case on the quantum level. 

Proposition 7.9. Let G be the quantum "az + b" group for non-trivial deformation parameter 
(so that G is not the classical "az + b" group). Then the quantum homogeneous space Y for G is 
not projectively embeddable. 

Proof. Assume that we have a morphism ir E Mor(Co(G), Co(G)) satisfying conditions of Dcfini- 
tion l7.4l In particular n maps Co(G) into a commutative C*-algebra Co(Y). It is known that Co(G) 
is a crossed product of Co(Y) by an action of the group T mentioned above (see [32l l22l [T9l [T8l [20] 
for various descriptions of this fact). Since the original action is inner in the crossed product, the 
morphism n restricted to Co (Y) would have to map into the fixed point subalgebra (of the action 
of r) of M(Co(Y)) . But this subalgebra is equal to CI. On the other hand ir must be the identity 
on Co(Y). Hence we arrive at a contradiction. □ 
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